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Nonlinear ac response of an electrorheological fluid
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The applied electric field used in most electrorheologi@R) experiments is usually quite high, and
nonlinear ER effects have been measured recently. When a nonlinear ER fluid is subjected to a si@masoidal
field, the electrical response will in general consist of ac fields at frequencies of the higher-order harmonics. In
this paper, a self-consistent formalism has been employed to compute the induced dipole moment for ER fluids
in which the suspended particles have nonlinear characteristics, in an attempt to investigate the ac response of
a nonlinear ER fluid.
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[. INTRODUCTION counts for the multipole interaction between the polarized
particles. The paper is organized as follows. In Sec. I, we
ElectrorheologicalER) fluids consist of highly polariz- calculate the dipole moment of a pair of polarized spheres of
able particles in a nearly insulating fluid. Upon the applica-a nonlinear characteristics and extract its harmonic response.
tion of electric fields, the apparent viscosity of ER fluids canln Sec. Ill, we perform a series expansion of the local field
be changed by several orders of magnitude, due to the fofnside the spheres from the self-consistent solution, in an
mation of chains of particles across the electrodes in th@ttempt to obtain analytic expressions of the higher harmon-
direction of the applied field. The rapid transition betweenics of the dipole moment. Numerical results are performed in
the fluid and solid phases renders this material potentiallpec. IV to validate the analytic results. Discussions on the
important for technological applications. results will be given.
On the other hand, the applied electric field used in most
ER experiments is usually quite high, and important data on |I. NONLINEAR POLARIZATION AND ITS HIGHER
nonlinear ER effects induced by a strong electric field have HARMONICS

been reported by Klingenberg and co-workgrg Recently, ) ) ) o
the effect of nonlinear characteristics on the interparticle Ve first examine the effect of a nonlinear characteristics

force has been analyzed in an ER suspension of nonline@" the induced dipole moment. We concentrate on the case
particles[2] and further extended to a nonlinear host mediumhere the suspended particles have a nonlinear dielectric
[3]. The nonlinear characteristics are due to the field deperonstant, while the host medium has a linear dielectric con-
dence of the dielectric constants of the materials used in ERt@ntem. The nonlinear characteristics gives rise to a field-
fluids, which have a constitutive relatid= eE+ yE3. This ~ dependent dielectric coefficiefT]. In which case, the elec-
paper confirmed the previous theoretical results that the af_r_|c displacement electric-field relation inside the spheres is
tractive force between two touching spheres varies almogiven by
linearly with the applied field strengtf]. ) -

A convenient method of probing the nonlinear character- Dp= €pEp+ Xp(Ep)Ep= €,Ep, @
istics is to measure the harmonics of the induced polarization ) o )
under the application of a sinusoid@o electric field[1]. ~ Wheree, andx,, are the linear coefficient and the nonlinear
The intrinsic nonlinear dielectric response of the materialoefficient of the suspended particles, respectively.
should be the origin of the higher harmonics, especially This constitutes an approximation: the local field |ns.|de.
when the applied field strength is high. The nonlinearitythe particles is ass_umed to bt_a unl_form and the assumption is
caused by the motion of the suspended particles alone undéglled the decoupling approximati¢g]. It has been shown
the applied field should not be the reason for the highefhat such an approximation yields a lower bound for the
harmonics. When a nonlinear composite with nonlinear di-2ccurate result for the local field]. We further assumed
electric particles embedded in a host medium, or with a nonthat bothe and x are independent of frequency, which is a
linear host medium is subjected to a sinusoidal field, thevalid assumption for low-frequency processes in ER fluids.
electrical response in the composite will in general be a suAS @ result, the induced dipole moment under an applied
perposition of many sinusoidal functiohs]. It is natural to  field E=E(t)z is given by
investigate the effects of nonlinear characteristics on the in-
terparticle force in an ER fluid, which can be regarded as a Po= ema’bE(t), 2
nonlinear composite mediuf®]. The strength of the nonlin-
ear polarization is reflected in the magnitude of the harmongynereb is the field-dependent dipolar factor and is given by
ics.

In this paper, we will develop a self-consistent theory to A 6+ <Ez>_€
calculate the ac response of a nonlinear ER fluid. Our theory FoP m _ STAXp T
goes beyond the simple point-dipole approximation and ac- €pt2€m €pt Xp(Ep) +2¢€m

()
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When the polarized spheres approach one another, they wiige local field(ES). The electric field inside the spheres can
be further polarized by the mutual polarization effect. As abe conveniently calculated by considering the effective non-
result, the point-dipole approximation breaks down and weinear dielectric constant of a nonlinear composite in which
must consider the multipole moments. the spheres are embedded in a host medium of much larger
Let us consider a pair of nonlinear dielectric spheres ofyolume V. For a two-component composite, the effective
the same radiug, separated by a distance Each of them nonlinear dielectric constart, is given by[7]
has a field-dependent dielectric coefficiégt By using the 1
method of multiple imagef9], we can deduce the total di- ~ _ j NE(r-D12dV
pole moment of the spheres: CTEA DV ve( IEr.D]
~ ~ - ~ Sinhﬂ 8 1::‘p 2 (1_f)€m 2
= DN = E3+ ——(E
Pr=Po2, (~7) (sinl"(n+1),8) ' @ (Eo+ gz (Em ®

B
The factor is the field-dependent dielectric contrast givenWheref is the(infinitesima) volume fraction of the particles.
by For a pair of spheres inside a transverse field, the effective

nonlinear dielectric constant can be expressef’as
7= (e,—€n)/ (€, + €p) . 5 ~ —— o~
(& eml{ep T ém © €e= emt 3fem(BPr/po). €]
The subscrip denotes that the applied electric field is per-
pendicular to the line joining the centers of the partidies, .
a transverse field The parameteg is related to the separa- USiNg EQ.(9):
tion between the particles: cogk-r/2a= o, whereo is the
reduced separation. For a longitudinal field, we replace (Ef)):%Ez(t)

(—7) by (27). While we have shown the results for a pair of
dielectric spheres of the same size, the above formula can b . , )
modified to calculate the total dipole moment of two dielec-ﬁ“a right-hand side of Eq10) depends on the local field
tric spheres of different sizd8]. We should remark that the [tS€lf. Hence for nonlinear characteristidsq. (1], Eq. (10
present multiple images method is an approximation only. [{ust be solved self-consisten§]. The local field inside
fact there is a more complicated images method for a dieleche spheres as wel] as the dipole moment of the spliExps
tric sphere[10]. However, we have validated the above ex- (4)] can be determined. -
pressions by comparing the analytic expressions with the nu- It remains to examine how the higher harmonicspef
merical solution of the integral equation methdd]. depends, the nonlinearity. We expapg and (Eﬁ) into a
When we apply a sinusoidal electric field, i.d€(t) Taylor expansion:
=Egsinwt, the induced dipole moment will vary with time
sinusoidally. Due to the nonlinearity of the particles, the in- ~ 3 2ns
duced dipole moment will be a superposition of harmonics. Pr=€éma E(t)go as(xp(Ep))®s (1D
In other words, we have

The electric field inside the spheres can be calculated by

dee
—_ (10)
ﬁep

)

©

Pr=p,, sinwt+ps,, sin 3ot +ps,, SinSwt+---.  (6) Xp<E§>=3€mXpEz(t)2 Cs(Xp<E§>)5, (12)
s=0

It is clear that only the harmonics of odd order survive due to ) -
the inversion symmetry of the dielectric media. Similarly, Where the expansion coefficieaf is given by
the local electric field inside the particles will also contain

the higher harmonics: 1Pl ~,  sinhB )3
A=l Jes bz‘o (=) sinhkn+1)8) |~ (13
V(E3Z)=E, sinwt+Ej, sin 3wt+Eg, sinSwt+---.  (7) P =%

dand cs=(s+1)ag 1. The expansion coefficients do not de-

In what follows, we report results for the transverse fiel e . .
case only. The longitudinal field case is similar. In Sec. III,_pend on the applied field. In the case of a weak nonlinearity,

2(1) < : -
we will use the series expansion to obtain analytic expresi€- XpE"(1)<1, we can rewrite Eqd12) and(11), keeping

2 2.
sions for the harmonics of the induced dipole moment. wenly the lowest orders of,E*(t) and x(Ej):
will obtain the coefficientp,, as a power series of the ap-

2y _ 2 2
plied field E,. Xp{ES)=3€mxpE%(1)(CotCoxp(Ep) ++ - +).
The first term gives the local field inside a linear dielectric
lll. SELF-CONSISTENT EVALUATION OF THE LOCAL particle. Similarly, the induced dipole moment is given by
FIELD

N 3 2,352 3
According to Eq.(4), the induced dipole moment of the Pr= €ma a0k (1) +3epatarypE (1) + - - -

dielectric spherep; can be determined if we find the aver- =K E(t)+KE3(t)+ - - -. (14
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It should be remarked that, from EqL1), K, E(t) is the 110 R - 0.000 5
linear dipole momenpy A N
: - ) | |
- i ] sinh,B 3 15 i o0 {//// | § 0.005 \\\\\
Pr=€ma (t)n:o (=7) sinhkn+1)8) ° (19 = I Ly O~
095+ -7 - N
Let us consider a sinusoidal applied electric fiedqt) 0.9 , , , 0015 , ‘ \
=Eysinwt. By using the identity 4 sitwt=3sinwt 00 100 200 300 400 00 100 200 300 400
—sin 3wt, we can expan3(t) in terms of the first and the 0000 el 20 HEo
third harmonics. By comparing E(6) with Eq. (14), we find \ L £, /j
Po=KiEo+3KsES and ps,=—3K3E]. TR 1 & A
&£ S Se10f y
The above results show that the induced dipole moment mu:~ —ooz0 | \\\\ 1 e
include the higher harmonid$]. Furthermore, the results e IR ]
show thatp, also depends OES. This is a nontrivial result —0.0I5 . . . 00 ]
as it implies that the first harmonic of the induced dipole 00 100 yzg‘? 00400 00 2“; ny 090

moment depends on the strength of the nonlinearity. Con-
comitantly, the higher harmonics should become more sig- FiG. 1. The harmonics of the induced dipole moment and the
nificant ask, gets higher. In the case of a higher appliediocal electric field inside a pair of nonlinear dielectric spheres, with
field, we must include even higher-order terfne., higher  ¢,=10 ande,=1. The nonlinear characteristics has a small effect

powers ofE(t)] in the expansion op+: on the nonlinear response as reflected in the grapkaEa, S
\/X—pEO'

Pr=KE(t) +KZE3 (1) + KsES(t) + - - -
. o _ . _ . simple case of an isolated sphere. For well-separated nonlin-
Again, by considering the identity 16Swt=10sinwt ear dielectric spheres in the dilute limit where the mutual

—5 sin 3wt+sin 5wt, the harmonics are given by polarization effect can be neglected, the dipole moment is
5 3. 10 5 well approximated by that of a single sphere. In which case,

Po=Ki1Eo+ 7KsEo+ 15KsEq, the local field inside the particle can be solved exaft3):

P3,= — 1 K3Eg— %KsE],  Ps,= 15KsEQ. , ) e QeﬁqxpEz(t)
. . Xp<Ep>:35mXpE (= > 2 2"
Consequently, in the case of nonlinear ac response, the (ept2em? (ot xp(Ep)+2€m)
convergence of the series expansion is questionable and a (17
self-consistent formalism is needed. From E(2), (11), i ) .

and (14), we find that The local field can be readily solved and the solution obeys

Eq. (16). The solution implies that the effect of the nonlinear
5 — 2 2y _ 2 characteristics is important only if the linear dielectric coef-
Pr/Po=FlxpEs)  and Xp(Ep> CxpEo). (16 ficient of the particleﬁs small coympared with that of the host.
whereF andG are functions of a single variable. A similar In the case of ER fluids, the opposite limé,> ey, holds,
conclusion can be drawn fqr, andps,, . This demonstrates and we have
that we can use(p<E§> as a natural variable of the strength
of nonlinearity in the nonlinear composite probl¢a?®)]. Eo=3€emEo/(€p+2¢€m) +- -,

which means that the first harmonic varies linearly vt
In other words, a linear relation betweén, and E, is an
In this section, we perform numerical calculations to in-indication of a weak nonlinearity.
vestigate the effects of nonlinear characteristics on the har- In Fig. 1, we choos&,=10 and plot the normalized har-
monics of the induced dipole moment and the local electrianonicsp,,/py and ps,/pg VS XpEg, where po=ena’bE,.
field. As shown in Sec. lll, the induced dipole moment of theThe ratiops,/p,, is also plotted. Furthermor&,, andE;,,
dielectric spheres is affected by three factors: the strength afre plotted WithJX_pEo. We find that the first harmonic of
the applied field, the nonlinear dielectric coefficient of thethe dipole moment is close to the linear dipole moment, i.e.,
particles, as well as the linear dielectric constants of the parp ~p,, even when the applied field is high. On the other
ticles and the host medium. Without loss of generality, we lehand, the third harmonic is small compared to the first har-
a=1 anden=1. In order to emphasize the effect of mutual monic. The dielectric contrast between the particles and the
polarization, we use a small reduced separatienl.1 and host is relevant for determining the magnitude of the nonlin-
compare the results of the multiple images dipd/#D ) case  ear response, namely, a smaller dielectric contrast gives a
with that of the point dipolgPD) case. From Eq(16), we larger nonliner response in the case of a nonlinear particle,
can useXpEg as the variable to plot the numerical results. results that are in accord with R¢¥]. Next, we examine the
Before showing the numerical results, we consider théharmonics of the local fieldE, and E3,). The first har-

IV. NUMERICAL RESULTS
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300 T ‘ 0.00 - - , ticles suspending in a linear host. We may extend our con-
250 - ——V//Z o0 | s_idgrations to a nonlinear host mpdi_tﬂ&]. In _thi_s case, pre-
2o | //// ] ' liminary results_ shqw that qualitatively similar yet more
g //' £ om0 complex behaviors in the ac response have been observed.
8150 1« So far, we have not considered the frequency dependence
100 L | -0.15 of the particle dielectric constant. In a realistic situation, the
dielectric constant of the particles can decrease with the in-
0000 100 200 300 400 0 100 200 300 400  crease of the frequency. For simplicity, we may adopt the
000 . xpf‘fuz | 50 . E) ' Debye relaxation_ expressio_n for, . Preliminar_y results
' - o _ show that the ratio of the third to first harmonic decreases
-0.02 f ] —E with frequency, results that are in accord with recent experi-
—o04 b 1 T A 7 mental data of Refl1].
\“; Y v As we have obtained the expression for the induced di-
= &ror g : pole moments, we may take a step forward to calculate the
S interparticle force via the energy approd@j. We will find
~0.10 N 00 . . a time-dependent forcdeé(t) but only its time average could
0.0 100 200 300 400 00 20 40 60 be measured during an experiment. From the energy ap-
1Eo % Fo proach[9],
FIG. 2. The same quantities as plotted in Fig. 1, but with
=2 ande,=1. The ratiops,/p,, attains a maximum magnitude (Fr())= KE()pr(t))/or .
when XPES%4. The nonlinearity has a strong effect on the third
harmonicpg,, . SinceE(t) contains the first harmonic only, the time average

(E(t)p1(t)) will be proportional to the first harmonig,, , to
monic \/X—pEw varies almost linearly with/X—pEo_ These re- which all higher-order nonlinearities contribute. We believe
sults show that the nonlinearity is not significant for thethat the interparticle force in the ac case should differ sig-
present material parameters, & 10,6,,=1). A similar con-  nificantly from that of the dc case because, as we have
clusion can be drawn for both the PD and the MID casesshown, the nonlinearity enters into the composite problem in
The major difference between the PD and the MID cases i& nontrivial way. Results of the interparticle force will be
that the mutual polarization effect always reduces the dipol@ublished elsewherl 3].
moment. In conclusion, we have considered the effects of a nonlin-

We repeat the same calculations with a smaller dielectri€ar characteristics on the ER fluid under the influence of a
constante,= 2 (Fig. 2). We found that the nonlinear charac- sinusoidal applied field. We have calculated the harmonic
teristics have a more significant effect on the various quancomponents of the induced dipole moment as well as the
tities. Namely, the first harmonic of the local figij, shows local electric field. We have also examined the conditions for
a stronger nonlinear behavior. We observe an interesting rebtaining large ac responses in ER fluids.
sult that the ratigps,, /p,, attains a maximum magnitude at
XpEg~4. This behavior holds for both the PD and the MID ACKNOWLEDGMENTS
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V. DISCUSSION AND CONCLUSION
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