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Nonlinear ac response of an electrorheological fluid
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The applied electric field used in most electrorheological~ER! experiments is usually quite high, and
nonlinear ER effects have been measured recently. When a nonlinear ER fluid is subjected to a sinusoidal~ac!
field, the electrical response will in general consist of ac fields at frequencies of the higher-order harmonics. In
this paper, a self-consistent formalism has been employed to compute the induced dipole moment for ER fluids
in which the suspended particles have nonlinear characteristics, in an attempt to investigate the ac response of
a nonlinear ER fluid.
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I. INTRODUCTION

Electrorheological~ER! fluids consist of highly polariz-
able particles in a nearly insulating fluid. Upon the applic
tion of electric fields, the apparent viscosity of ER fluids c
be changed by several orders of magnitude, due to the
mation of chains of particles across the electrodes in
direction of the applied field. The rapid transition betwe
the fluid and solid phases renders this material potenti
important for technological applications.

On the other hand, the applied electric field used in m
ER experiments is usually quite high, and important data
nonlinear ER effects induced by a strong electric field ha
been reported by Klingenberg and co-workers@1#. Recently,
the effect of nonlinear characteristics on the interparti
force has been analyzed in an ER suspension of nonli
particles@2# and further extended to a nonlinear host medi
@3#. The nonlinear characteristics are due to the field dep
dence of the dielectric constants of the materials used in
fluids, which have a constitutive relationD5eE1xE3. This
paper confirmed the previous theoretical results that the
tractive force between two touching spheres varies alm
linearly with the applied field strength@4#.

A convenient method of probing the nonlinear charact
istics is to measure the harmonics of the induced polariza
under the application of a sinusoidal~ac! electric field @1#.
The intrinsic nonlinear dielectric response of the mater
should be the origin of the higher harmonics, especia
when the applied field strength is high. The nonlinear
caused by the motion of the suspended particles alone u
the applied field should not be the reason for the hig
harmonics. When a nonlinear composite with nonlinear
electric particles embedded in a host medium, or with a n
linear host medium is subjected to a sinusoidal field,
electrical response in the composite will in general be a
perposition of many sinusoidal functions@5#. It is natural to
investigate the effects of nonlinear characteristics on the
terparticle force in an ER fluid, which can be regarded a
nonlinear composite medium@6#. The strength of the nonlin
ear polarization is reflected in the magnitude of the harm
ics.

In this paper, we will develop a self-consistent theory
calculate the ac response of a nonlinear ER fluid. Our the
goes beyond the simple point-dipole approximation and
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counts for the multipole interaction between the polariz
particles. The paper is organized as follows. In Sec. II,
calculate the dipole moment of a pair of polarized sphere
a nonlinear characteristics and extract its harmonic respo
In Sec. III, we perform a series expansion of the local fie
inside the spheres from the self-consistent solution, in
attempt to obtain analytic expressions of the higher harm
ics of the dipole moment. Numerical results are performed
Sec. IV to validate the analytic results. Discussions on
results will be given.

II. NONLINEAR POLARIZATION AND ITS HIGHER
HARMONICS

We first examine the effect of a nonlinear characterist
on the induced dipole moment. We concentrate on the c
where the suspended particles have a nonlinear diele
constant, while the host medium has a linear dielectric c
stantem . The nonlinear characteristics gives rise to a fie
dependent dielectric coefficient@7#. In which case, the elec
tric displacement electric-field relation inside the spheres
given by

Dp5epEp1xp^Ep
2&Ep5 ẽpEp , ~1!

whereep andxp are the linear coefficient and the nonline
coefficient of the suspended particles, respectively.

This constitutes an approximation: the local field insi
the particles is assumed to be uniform and the assumptio
called the decoupling approximation@8#. It has been shown
that such an approximation yields a lower bound for t
accurate result for the local field@8#. We further assumed
that bothe andx are independent of frequency, which is
valid assumption for low-frequency processes in ER flui
As a result, the induced dipole moment under an app
field E5E(t) ẑ is given by

p̃05ema3b̃E~ t !, ~2!

whereb̃ is the field-dependent dipolar factor and is given

b̃5
ẽp2em

ẽp12em

5
ep1xp^Ep

2&2em

ep1xp^Ep
2&12em

. ~3!
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When the polarized spheres approach one another, they
be further polarized by the mutual polarization effect. As
result, the point-dipole approximation breaks down and
must consider the multipole moments.

Let us consider a pair of nonlinear dielectric spheres
the same radiusa, separated by a distancer. Each of them
has a field-dependent dielectric coefficientẽp . By using the
method of multiple images@9#, we can deduce the total d
pole moment of the spheres:

p̃T5 p̃0(
n50

`

~2 t̃ !nS sinhb

sinh~n11!b D 3

. ~4!

The factort̃ is the field-dependent dielectric contrast giv
by

t̃5 ~ ẽp2em!/~ ẽp1em! . ~5!

The subscriptT denotes that the applied electric field is pe
pendicular to the line joining the centers of the particles~i.e.,
a transverse field!. The parameterb is related to the separa
tion between the particles: coshb5r/2a5s, wheres is the
reduced separation. For a longitudinal field, we replac
(2 t̃) by (2t̃). While we have shown the results for a pair
dielectric spheres of the same size, the above formula ca
modified to calculate the total dipole moment of two diele
tric spheres of different sizes@9#. We should remark that the
present multiple images method is an approximation only
fact there is a more complicated images method for a die
tric sphere@10#. However, we have validated the above e
pressions by comparing the analytic expressions with the
merical solution of the integral equation method@11#.

When we apply a sinusoidal electric field, i.e.,E(t)
5E0 sinvt, the induced dipole moment will vary with tim
sinusoidally. Due to the nonlinearity of the particles, the
duced dipole moment will be a superposition of harmoni
In other words, we have

p̃T5pv sinvt1p3v sin 3vt1p5v sin 5vt1•••. ~6!

It is clear that only the harmonics of odd order survive due
the inversion symmetry of the dielectric media. Similar
the local electric field inside the particles will also conta
the higher harmonics:

A^EP
2 &5Ev sinvt1E3v sin 3vt1E5v sin 5vt1•••. ~7!

In what follows, we report results for the transverse fie
case only. The longitudinal field case is similar. In Sec.
we will use the series expansion to obtain analytic expr
sions for the harmonics of the induced dipole moment.
will obtain the coefficientpnv as a power series of the ap
plied field E0.

III. SELF-CONSISTENT EVALUATION OF THE LOCAL
FIELD

According to Eq.~4!, the induced dipole moment of th
dielectric spheresp̃T can be determined if we find the ave
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2&. The electric field inside the spheres ca

be conveniently calculated by considering the effective n
linear dielectric constant of a nonlinear composite in wh
the spheres are embedded in a host medium of much la
volume V. For a two-component composite, the effecti
nonlinear dielectric constantee is given by@7#

ẽe5
1

E2~ t !VEV
e~r !uE~r ,t !u2dV

5
f ẽp

E2~ t !
^Ep

2&1
~12 f !em

E2~ t !
^Em

2 &, ~8!

wheref is the~infinitesimal! volume fraction of the particles
For a pair of spheres inside a transverse field, the effec
nonlinear dielectric constant can be expressed as@7#

ẽe5em13 f em~ b̃p̃T/ p̃0!. ~9!

The electric field inside the spheres can be calculated
using Eq.~9!:

^Ep
2&5

1

f
E2~ t !

]ẽe

]ẽp

. ~10!

The right-hand side of Eq.~10! depends on the local field
itself. Hence for nonlinear characteristics@Eq. ~1!#, Eq. ~10!
must be solved self-consistently@8#. The local field inside
the spheres as well as the dipole moment of the spheres@Eq.
~4!# can be determined.

It remains to examine how the higher harmonics ofp̃T

depends, the nonlinearity. We expandp̃T and ^Ep
2& into a

Taylor expansion:

p̃T5ema3E~ t !(
s50

`

as~xp^Ep
2&!s, ~11!

xp^Ep
2&53emxpE2~ t !(

s50

`

cs~xp^Ep
2&!s, ~12!

where the expansion coefficientas is given by

as5
1

s!

]s

]ẽp
s F b̃(

n50

`

~2 t̃ !nS sinhb

sinh~n11!b D 3G
ẽp5ep

, ~13!

andcs5(s11)as11 . The expansion coefficients do not d
pend on the applied field. In the case of a weak nonlinear
i.e., xpE2(t)!1, we can rewrite Eqs.~12! and~11!, keeping
only the lowest orders ofxpE2(t) andxp^Ep

2&:

xp^Ep
2&53emxpE2~ t !~c01c1xp^Ep

2&1••• !.

The first term gives the local field inside a linear dielect
particle. Similarly, the induced dipole moment is given by

p̃T5ema3a0E~ t !13em
2 a3a1

2xpE3~ t !1•••

5K1E~ t !1K3E3~ t !1•••. ~14!
1-2
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It should be remarked that, from Eq.~11!, K1E(t) is the
linear dipole momentpT

pT5ema3bE~ t ! (
n50

`

~2t!nS sinhb

sinh~n11!b D 3

. ~15!

Let us consider a sinusoidal applied electric fieldE(t)
5E0 sinvt. By using the identity 4 sin3vt53 sinvt
2sin 3vt, we can expandE3(t) in terms of the first and the
third harmonics. By comparing Eq.~6! with Eq. ~14!, we find

pv5K1E01 3
4 K3E0

3 and p3v52 1
4 K3E0

3 .

The above results show that the induced dipole moment m
include the higher harmonics@6#. Furthermore, the result
show thatpv also depends onE0

3. This is a nontrivial result
as it implies that the first harmonic of the induced dipo
moment depends on the strength of the nonlinearity. C
comitantly, the higher harmonics should become more
nificant asE0 gets higher. In the case of a higher appli
field, we must include even higher-order terms@i.e., higher
powers ofE(t)# in the expansion ofp̃T :

p̃T5K1E~ t !1K3E3~ t !1K5E5~ t !1•••.

Again, by considering the identity 16 sin5vt510 sinvt
25 sin 3vt1sin 5vt, the harmonics are given by

pv5K1E01 3
4 K3E0

31 10
16 K5E0

5 ,

p3v52 1
4 K3E0

32 5
16 K5E0

5 , p5v5 1
16 K5E0

5 .

Consequently, in the case of nonlinear ac response,
convergence of the series expansion is questionable a
self-consistent formalism is needed. From Eqs.~12!, ~11!,
and ~14!, we find that

p̃T/p0 5F~xpE0
2! and xp^Ep

2&5G~xpE0
2!, ~16!

whereF andG are functions of a single variable. A simila
conclusion can be drawn forpv andp3v . This demonstrates
that we can usexp^E0

2& as a natural variable of the streng
of nonlinearity in the nonlinear composite problem@12#.

IV. NUMERICAL RESULTS

In this section, we perform numerical calculations to
vestigate the effects of nonlinear characteristics on the
monics of the induced dipole moment and the local elec
field. As shown in Sec. III, the induced dipole moment of t
dielectric spheres is affected by three factors: the strengt
the applied field, the nonlinear dielectric coefficient of t
particles, as well as the linear dielectric constants of the p
ticles and the host medium. Without loss of generality, we
a51 andem51. In order to emphasize the effect of mutu
polarization, we use a small reduced separations51.1 and
compare the results of the multiple images dipole~MID ! case
with that of the point dipole~PD! case. From Eq.~16!, we
can usexpE0

2 as the variable to plot the numerical results
Before showing the numerical results, we consider
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simple case of an isolated sphere. For well-separated no
ear dielectric spheres in the dilute limit where the mutu
polarization effect can be neglected, the dipole momen
well approximated by that of a single sphere. In which ca
the local field inside the particle can be solved exactly@12#:

xp^Ep
2&53emxpE2~ t !

3em

~ ẽp12em!2
5

9em
2 xpE2~ t !

~ep1xp^Ep
2&12em!2 .

~17!

The local field can be readily solved and the solution ob
Eq. ~16!. The solution implies that the effect of the nonline
characteristics is important only if the linear dielectric coe
ficient of the particle is small compared with that of the ho
In the case of ER fluids, the opposite limit,ep.em , holds,
and we have

Ev53emE0/~ep12em! 1•••,

which means that the first harmonic varies linearly withE0.
In other words, a linear relation betweenEv and E0 is an
indication of a weak nonlinearity.

In Fig. 1, we chooseep510 and plot the normalized har
monics pv /p0 and p3v /p0 vs xpE0

2, wherep05ema3bE0.
The ratiop3v /pv is also plotted. Furthermore,Ev andE3v

are plotted withAxpE0. We find that the first harmonic o
the dipole moment is close to the linear dipole moment, i
pv'p0, even when the applied field is high. On the oth
hand, the third harmonic is small compared to the first h
monic. The dielectric contrast between the particles and
host is relevant for determining the magnitude of the non
ear response, namely, a smaller dielectric contrast give
larger nonliner response in the case of a nonlinear parti
results that are in accord with Ref.@7#. Next, we examine the
harmonics of the local field (Ev and E3v). The first har-

FIG. 1. The harmonics of the induced dipole moment and
local electric field inside a pair of nonlinear dielectric spheres, w
ep510 andem51. The nonlinear characteristics has a small eff
on the nonlinear response as reflected in the graph ofAxpEv vs
AxpE0.
1-3
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BRIEF REPORTS PHYSICAL REVIEW E 63 052501
monic AxpEv varies almost linearly withAxpE0. These re-
sults show that the nonlinearity is not significant for t
present material parameters (ep510,em51). A similar con-
clusion can be drawn for both the PD and the MID cas
The major difference between the PD and the MID case
that the mutual polarization effect always reduces the dip
moment.

We repeat the same calculations with a smaller dielec
constantep52 ~Fig. 2!. We found that the nonlinear chara
teristics have a more significant effect on the various qu
tities. Namely, the first harmonic of the local fieldEv shows
a stronger nonlinear behavior. We observe an interesting
sult that the ratiop3v /pv attains a maximum magnitude a
xpE0

2'4. This behavior holds for both the PD and the MI
cases.

V. DISCUSSION AND CONCLUSION

Here a few comments on our results are in order. In
present paper, we have examined the case of nonlinear

FIG. 2. The same quantities as plotted in Fig. 1, but withep

52 andem51. The ratiop3v /pv attains a maximum magnitud
when xpE0

2'4. The nonlinearity has a strong effect on the th
harmonicp3v .
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ticles suspending in a linear host. We may extend our c
siderations to a nonlinear host medium@3#. In this case, pre-
liminary results show that qualitatively similar yet mo
complex behaviors in the ac response have been observ

So far, we have not considered the frequency depende
of the particle dielectric constant. In a realistic situation, t
dielectric constant of the particles can decrease with the
crease of the frequency. For simplicity, we may adopt
Debye relaxation expression forep . Preliminary results
show that the ratio of the third to first harmonic decrea
with frequency, results that are in accord with recent exp
mental data of Ref.@1#.

As we have obtained the expression for the induced
pole moments, we may take a step forward to calculate
interparticle force via the energy approach@9#. We will find
a time-dependent forceF(t) but only its time average could
be measured during an experiment. From the energy
proach@9#,

^FT~ t !&5 ]^E~ t !pT~ t !&/]r .

SinceE(t) contains the first harmonic only, the time avera
^E(t)pT(t)& will be proportional to the first harmonicpv , to
which all higher-order nonlinearities contribute. We belie
that the interparticle force in the ac case should differ s
nificantly from that of the dc case because, as we h
shown, the nonlinearity enters into the composite problem
a nontrivial way. Results of the interparticle force will b
published elsewhere@13#.

In conclusion, we have considered the effects of a non
ear characteristics on the ER fluid under the influence o
sinusoidal applied field. We have calculated the harmo
components of the induced dipole moment as well as
local electric field. We have also examined the conditions
obtaining large ac responses in ER fluids.
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